Abstract. We present a global view of the resonant structure of the phase space of a planetary system with two planets, moving in the same plane, as obtained from the set of the families of periodic orbits. An important tool to understand the topology of the phase space is to determine the position and the stability character of the families of periodic orbits. The region of the phase space close to a stable periodic orbit corresponds to stable, quasi periodic librations. In these regions it is possible for an extrasolar planetary system to exist, or to be trapped following a migration process due to dissipative forces.
Introduction
In recent years it was discovered that our Solar System is not the only planetary system in the universe. Up to the present there are 146 observed extrasolar planetary systems, with 18 of them having two or more planets. In many planetary systems with two planets close to each other, the two planets are in mean motion resonance. Examples are: HD 82943 (Israelian et al. 2001 , Mayor et al. 2004 , GLIESE 876 (Marcy et al. 2001, Rivera and , at the 2:1 resonance and 55Cnc at the 3:1 resonance . Some of these systems have large eccentricities and are evidently stable.
There are different approaches to the study of the dynamical evolution of a planetary system and on the mechanisms that stabilize the system, or generate chaotic motion and instability: Beaugé et al. 2003 , 2006 , Gozdjiewski et al. 2003 , Ji et al. 2003a ,b, Malhotra 2002 . In these papers different methods have been applied as the averaging method, direct numerical integrations of orbits, or various numerical methods which provide indicators for the exponential growth of nearby orbits. In this way the regions where stable motion exists have been detected, in the orbital elements space.
The purpose of this paper is to present a global view of the structure of the phase space of a planetary system with two planets, moving in the plane, as obtained from the set of the families of periodic orbits. In this way, we can detect the regions where stable librations could exist. These will be the regions where a real planetary system could exist in nature. As we shall see, stable regions corresponding to elliptic orbits of the two planets with relatively large eccentricities are associated with mean motion resonances. We remark that stable motion could also exist far from resonances, if the eccentricities are small. This latter motion is close to a stable periodic orbit of the circular family of periodic orbits. We also remark that it is possible to have stable motion far from a periodic orbit, but we believe that in this latter case the two planets are not close to each other, so that their gravitational interaction is not very significant.
We found that the gravitational interaction between the planets is not negligible, even for very small planetary masses (compared to the mass of the star). In some cases it even dominates the attraction from the star. In this latter case the geometry of the planetary orbits is such that at some epoch the two planets come so close to each other that their gravitational interaction dominates the attraction form the star. After that, the two planets are trapped in a close binary revolving around the sun. The gap in the lower right quarter in Figure 11 , at the collision area, is generated by this mechanism. For this reason the model we shall use in this study is the general three body problem, for planar motion, with the star as the more massive body and the two planets with small, but not negligible masses.
A very good tool to study the structure of the phase space is to find the position and the stability character of the periodic orbits or, equivalently, the fixed points of the Poincaré map on a surface of section. To make this clear, think of a two dimensional Poincaré map on a surface of section. The position and the stability character of the fixed points (periodic orbits) play a crucial role on the structure of the phase space. A different position of the fixed points and/or a different stability character will change completely the topology of the phase space. This means that the fixed points/periodic orbits provide the framework of the phase space, although they are a set of measure zero.
Stable quasi periodic librations are expected to exist close to a stable periodic orbit. So, although the periodic orbits are a set of measure zero, they can be used as a tool to provide the regions of the phase space (or, equivalently, the space of orbital elements), where stable, quasi periodic librations exist. These stable librations are not periodic motion, but are close to an exact periodic motion. A real planetary system could exist at these regions. The periodic motion in whose vicinity we have stable librations is of two kinds: either non resonant, with small planetary eccentricities, or resonant, where the two planets are in a mean motion resonance. In this latter case the eccentricities are relatively large.
We remark that a periodic orbit is represented as a fixed point in the four dimensional phase space of the Poincaré map. A perturbed periodic orbit is defined by a four dimensional deviation vector, and this makes the study of the properties of motion close to a periodic orbit quite complicated. For example, a possible perturbation could be to shift the planet P 2 on its orbit, or to rotate the orbit of P 2 , at t = 0, leaving all other elements the same. Or, we can change the value of the planetary eccentricities from those of the exact periodic motion, and/or the angle of apsides, leaving the semimajor axes the same, so that the resonance is not changed. Although a complete study along these lines is not available, we believe that several quasi periodic librations, as for example the cases studied by Nelson and Papaloizou (2002) are motions in the vicinity of exact periodic orbits.
It can be proved (Hadjidemetriou 1975 ) that families of periodic orbits in the planar general three body problem exist, in a rotating frame which will be defined in section 2. This means that in a periodic orbit the relative configuration is repeated in phase space. In particular, in the planetary three body problem (one big body, the star and two small bodies, the planets) the periodic orbits are of two types:
− Non resonant periodic orbits with nearly circular orbits of the two planets.
− Resonant periodic orbits with nearly elliptic orbits of the two planets.
The circular orbits are all symmetric but the elliptic orbits may be symmetric or asymmetric. Close to a stable periodic orbit there exists a region of stable librations, and it is at these regions that a planetary system could be trapped.
There exist families of elliptic periodic orbits for every mean motion resonance. As we will show, there are three topologically different resonant cases:
− The resonances of the form (n + 1) : n, (2:1, 3:2, ...).
− The resonances (2n + 1) : (2n − 1), (3:1, 5:3, ...).
− All other resonances, (5:2, 7:3, 8:3, ...).
A global view of the resonant families of elliptic periodic orbits will be computed for each one of the above resonance types. There exist both symmetric and asymmetric families. As we shall see, the ratio of the planetary masses plays an important role on the stability and the existence of asymmetric families of periodic orbits. The sum of the masses of the planets also plays an important role on the stability and the existence of families of resonant periodic orbits. The stability of a symmetric periodic orbit depends, all other things being the same (semimajor axes, eccentricities), on the phase of the two planets, that is on whether the line of apsides are aligned or antialigned and on the position of the two planets at perihelion of aphelion at some epoch.
The properties of motion close to a periodic orbit are studied by considering a Poincaré map on a surface of section. Close to a stable periodic orbit we have stable librations and the motion in phase space takes place on a torus. On the contrary, close to an unstable periodic orbit we have irregular, chaotic, motion and in many cases the system disrupts into a binary system (the star and one planet) and an escaping planet.
The position of some real extrasolar planetary systems is compared with the above mentioned regions of stable librations.
The rotating frame
The model that we will use is the general planar three body problem, for the star, which is the more massive body, and the two planets, with small, but not negligible masses. From this point on, the star will be called the sun and the planets will be denoted as P 1 and P 2 . The indices 1 and 2 are for the inner and the outer planet, respectively, at least initially, because in a chaotic motion the roles of inner and outer planet may change. For intersecting planetary orbits, the index 1 will refer to the body with the smaller semimajor axis.
In the inertial frame where the center of mass of the system is at rest, we have four degrees of freedom. We define now a rotating frame of reference, whose origin is at the center of mass of the sun and the planet P 1 , the x-axis is the line sun-P 1 , the positive direction being from the sun to P 1 , and the y-axis is perpendicular to the x-axis. As coordinates we use the position x 1 of P 1 on the x-axis, the coordinates (x 2 , y 2 ) of P 2 on the xOy plane and the angle θ of the x-axis with a fixed direction in the inertial frame (Figure 1 ). The xOy frame is a non-uniformly rotating frame. The Lagrangian of the system in the above mentioned coordinates
where
and
G is the gravitational constant and r 01 , r 02 and r 12 are the distances between the sun and P 1 , the sun and P 2 and P 1 P 2 , respectively. We note that the angle θ is ignorable, so besides the energy (or Jacobi) integral there also exists the angular momentum integral, p θ = ∂L/∂θ=constant,
By making use of the angular momentum integral, we can reduce the system to three degrees of freedom, in the variables x 1 , x 2 , y 2 . In this way the study is restricted to the rotating frame xOy, which means that the relative motion of the three bodies in the rotating frame can be studied, independently of the motion of the system xOy in the inertial frame. The Lagrangian of the reduced system in the rotating frame is the Ruthian function R,
Note that the angular momentum p θ appears as a fixed parameter.
From this point on, we shall restrict our study to the rotating frame only. In order to avoid duplication of the results, we must fix the units of mass, length and time, by considering three normalizing conditions:
This means that the unit of mass is the total mass of the system, the gravitational constant is taken equal to unity and the constant angular momentum is given a fixed value (note that the angular momentum appears as a fixed parameter in the differential equations in the rotating frame).
It can be proved (Hadjidemetriou, 1975 ) that families of periodic orbits exist in the rotating frame xOy. In particular, we are interested in periodic orbits of the planetary type, that we shall study in the next section.
Periodic orbits of the planetary type
We consider a three-body system with the sun S as the main body and two small, but gravitationally interacting, planets P 1 and P 2 . As we mentioned above, families of periodic orbits exist in the rotating frame xOy. A periodic orbit can be symmetric or asymmetric with respect to the rotating x-axis. We remind that in all cases P 1 moves on the x-axis and P 2 in the xOy plane. In a symmetric periodic orbit, for a certain epoch, for example t = 0, it isẋ 1 = 0 andẋ 2 = 0. This implies that at t = 0 the planet P 2 crosses perpendicularly the x-axis and at that time the planet P 1 is temporarily at rest on the x-axis. So, the non zero initial conditions of a periodic orbit are: x 10 , x 20 ,ẏ 20 , which means that a family of symmetric periodic orbits can be represented by a onedimensional curve in the three-dimensional space of initial conditions x 10 , x 20 ,ẏ 20 . The orbits for which we cannot find an epoch for which the above conditions are satisfied, are asymmetric.
There are two different types of periodic orbits of the planetary type:
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Figure 2. The circular motion of the two planets P1 and P2. The motion is periodic in the rotating frame xOy, for any value of the planetary semimajor axes.
− Periodic orbits with the two planets describing nearly circular orbits. In general, the system is non resonant. This is seen in Figure 2 . We remark that the planetary orbits are exactly circular in the unperturbed case, and nearly circular if the gravitational interaction between the planets is introduced. All these orbits are symmetric with respect to the x-axis of the rotating frame.
− Periodic orbits with the two planets describing nearly elliptic orbits. In the unperturbed case the two planetary orbits are exactly elliptic. We remark that, contrary to the circular case, all elliptic periodic orbits are resonant, corresponding to a mean motion resonance. We can distinguish between symmetric and asymmetric resonant elliptic periodic orbits.
• Symmetric elliptic periodic orbits: the two planets describe elliptic orbits whose lines of apsides are aligned or antialigned, and in addition, when P 1 is at perihelion or aphelion, P 2 is at that time also at perihelion or aphelion ( Figure 3a ). This means that there are four different initial configurations, which are equivalent in pairs, i.e. position at t = 0 and t = T /2, T being the period, depending on the particular resonance.
• Asymmetric elliptic periodic orbits: The lines of apsides of the two planets are not in the same line ( Figure 3b ). 
Families of periodic orbits
It can be proved that families of periodic orbits of the planetary type exist, in a rotating frame, in the general three-body problem (Hadjidemetriou 1976) . In order to obtain a global view of the resonant and non resonant periodic orbits, we will start with the unperturbed problem (zero planetary masses) and circular planetary orbits, and study how things change when we give masses to the planets.
The unperturbed family of circular orbits
Consider the two planets P 1 and P 2 describing circular orbits in the plane ( Figure 2 ). It is evident that the motion is periodic in the rotating frame xOy defined in section 1, for all values of the semimajor axes (radii)of the two planets. The planet P 1 moves on the x-axis (in this particular case it is fixed) and the planet P 2 moves in the xOy plane. This motion is symmetric with respect to the x-axis, because for some time, say t = 0, it isẋ 1 = 0 (this is always the case) and at that time the planet P 2 crosses perpendicularly the x-axis,ẋ 2 = 0. These periodic orbits belong to a monoparametric family of symmetric periodic orbits. To make this clear, let us fix the value of the semimajor axis a 1 of P 1 and vary the semimajor axis a 2 of P 2 . In this way we obtain a continuous family of periodic orbits, along which the ratio a 1 /a 2 of the semimajor axes, or, equivalently, the ratio n 1 /n 2 of the frequencies varies. Evidently n 1 /n 2 passes through rational values, which means that on this single family of periodic orbits there exist resonant orbits, corresponding to mean motion resonance between the planets. 
Continuation of the circular family to non zero planetary masses
We give now small, but not negligible masses to the two planets. It can be proved (Hadjidemetriou 1976 ) that all the unperturbed circular periodic orbits are continued, with the same period, as periodic orbits with nearly circular planetary orbits, in the rotating frame xOy. These orbits are symmetric with respect to the x-axis. The continuation is not possible only at the resonances of the form (n + 1) : n, i.e, 2:1, 3:2, 4:3, ... At these resonances a gap appears, as we show schematically in Figure 4 , using the 2:1 resonance as a representative example. At such a gap, we have a bifurcation of two families of 2:1 resonant elliptic periodic orbits, as we shall see in the following.
Evolution of the stability on the family of circular orbits
It is obvious that all the orbits of the circular unperturbed family are orbitally stable, because the two planetary orbits are uncoupled Keplerian orbits. We have, in the rotating frame, three degrees of freedom and consequently, we have three pairs of unit eigenvalues, which are all on the unit circle in the complex plane (for the theory see Hadjidemetriou 2005) . One pair of eigenvalues is equal to one, because of the existence of the energy integral. The other two pairs of eigenvalues are complex conjugate on the unit circle and are obtained, by Keplerian theory, to be equal to where n 1 , n 2 are the frequencies of the two planets in their orbits (in the inertial frame). We see that λ 1 = λ 3 and λ 2 = λ 4 , i.e. there is a double eigenvalue equal to e iφ and a double complex conjugate eigenvalue equal to e −iφ ( Figure 5a ). As we mentioned in the previous section, the ratio n 1 /n 2 varies along the family of periodic orbits of the unperturbed problem and consequently passes through rational values, which correspond to mean motion resonance between the two planets. This means that the double eigenvalue λ 1 = λ 3 (and its complex conjugate) move on the unit circle, as we move on the unperturbed family of circular periodic orbits. From Equation 6 we see that the ratio φ/2π takes rational values at all resonant orbits on the family, and, in general, the double eigenvalue λ 1 = λ 3 is not at +1 or −1.
Let us now switch on the planetary masses, introducing the gravitational interaction between the two planets. The double eigenvalue λ 1 = λ 3 (and its complex conjugate) split into two separate eigenvalues and move in the complex plane, but must obey the Hamiltonian properties: they must be arranged in reciprocal pairs and also in complex conjugate pairs. This means that we have two possibilities: either to move on the unit circle, as shown in Figure 5b , preserving the stability, or move outside the unit circle, as shown in Figure 5c (complex conjugate pairs: (λ 1 , λ 2 ), (λ 3 , λ 4 ), reciprocal pairs (λ 1 , λ 4 ), (λ 2 , λ 3 )), generating complex instability. It can be proved however, by making use of the theory of Krein (Hadjidemetriou 1982) , that the evolution to complex instability, when φ = 0 or π (the eigenvalues are not at ±1), is impossible in a planetary system with two planets moving in the plane in the same direction. In fact the proof is stronger. It is proved that there does not exist a Hamiltonian perturbation to generate complex instability in such a system.
The only case where the perturbation can generate instability is when two eigenvalues meet at +1 or at −1, on the unit circle in the complex plane, as the corresponding orbit moves on the family of circular orbits. The first case, meeting of the eigenvalues at +1, corresponds to a resonance of the form (n + 1) : n, i.e, 2:1, 3:2, ... and the second case, meeting of the eigenvalues at −1, corresponds to a resonance of the form (2n + 1) : (2n − 1), i.e. 3:1, 5:2,... But in the first case the continuation is not possible (see the gap in Figure 4) , so we will consider the case for the resonances 3:1, 5:3,...
Let us consider the region on the perturbed circular family close to the 3:1 resonance. The two double pairs of complex conjugate eigenvalues λ 1 = λ 3 and λ 2 = λ 4 have split on the unit circle to two separate complex conjugate pairs (λ 1 , λ 2 ) and (λ 3 , λ 4 ) ( Figure 5b ) and each pair moves toward the point −1. When they meet at −1, the eigenvalues may move outside the unit circle, on the real axis, and thus generate instability, as predicted by the theory of Krein (Hadjidemetriou 1982) . This is seen in Figure 6 . It may happen that only one pair of eigenvalues, (λ 1 , λ 2 ), goes outside the unit circle, and the other, (λ 3 , λ 4 ), staying on the unit circle, or both pairs of eigenvalues go outside the unit circle. This depends on the magnitude of the masses, as we shall see in the following. After we cross the 3:1 resonance, the eigenvalues return again on the unit circle, restoring the stability.
From the above we see that the only region on the family of circular periodic orbits which is unstable is the region close to resonances of the form 3:1, 5:3, ... All other resonant and non resonant cases are stable.
Families of symmetric and asymmetric elliptic periodic orbits
The periodic motion of a planetary system with elliptic orbits of the two planets is necessarily resonant, with the two planets locked in a mean motion resonance. All these orbits belong to monoparametric families, along which the eccentricities of the two planetary orbits vary, and, in the asymmetric case, the difference ∆ between the angle of apsides also varies. In order to obtain a global view of the families of elliptic periodic orbits, we will start with the families that bifurcate from the family of circular periodic orbits. Next, we shall study the elliptic families that bifurcate from the above mentioned elliptic families. We remark however that apart from these two categories of elliptic families, there also exist families of elliptic orbits that appear as independent from them. Some of these latter families may be the continuation of families of the elliptic restricted three body problem, by giving mass to the massless body. As we will show in the following, the orbits of the circular family are all symmetric with respect to the x-axis of the rotating frame. The families of elliptic orbits that bifurcate from the circular family are also symmetric. However, the orbits of the elliptic families that bifurcate from the elliptic families are all asymmetric. The independent elliptic families are either symmetric or asymmetric.
Consider a family of periodic orbits, either circular or elliptic. A bifurcation of a new family of periodic orbits is only possible from that orbit on the family which has an eigenvalue equal to +1 (Hadjidemetriou, 2005) .We remark that this is a double unit eigenvalue, because the eigenvalues are always in complex conjugate pairs. We call this orbit a critical orbit. This critical orbit may be the point on the family where we have a change from stability to instability (or vice versa), but it can also be, on the circular family, any resonant p : q periodic orbit, if it is described several times, as we show in the following.
We will consider separately the bifurcations from the circular family and from the elliptic families.
Bifurcation from the circular family
We shall show now that from each resonant region on the family of circular periodic orbits we have a bifurcation of families of elliptic periodic orbits. There are two elliptic families bifurcating from a p : q resonant periodic orbit if p : q = 3:1,5:3, ... and two, or four families if p : q = 3:1,5:3, ..., as we shall prove bellow. All these families are symmetric with respect to the rotating x-axis. As we mentioned in section 4.3, there are three pairs of eigenvalues: one unit pair, due to the existence of the energy integral and two more complex conjugate pairs, on the unit circle. In the unperturbed case (zero planetary masses) these two complex conjugate pairs coincide,
where n 1 /n 2 is the ratio of the mean motions of the two planets. This ratio is not, in general, rational. It is at the rational (resonant) points that a bifurcation of families of elliptic periodic orbits is possible. In addition, a bifurcation of a family of elliptic orbits is possible at all points on the circular family where we have a change from stability to instability, or vice versa. This latter case happens at the resonances of the form 3:1, 5:3,... In this case we may have a bifurcation of two or of four families of resonant elliptic periodic orbits.
There are three topologically different resonances:
− The resonances of the form n 1 /n 2 = (n + 1)/n, n = 1, 2, ....
These are the resonances 2:1, 3:2, ... At these resonances, the periodic orbits are not continued as circular periodic orbits, but instead, a gap appears on the continued circular family and at both ends of the gap we have the beginning of a family of resonant elliptic periodic orbits, corresponding to the (n + 1) : n resonance (Figure 3) . A typical example is shown in Figure 7 , for a planetary system with masses m 0 = 0.998, m 1 = 0.001, m 2 = 0.001. In Figure 7a we show the circular family of symmetric periodic orbits, in the space of initial conditions x 10 x 20ẏ20 , the gap at the 2:1 resonance and the bifurcation from the gap of two families of elliptic symmetric periodic orbits. In Figure 7b we show the same diagram in the space (n 1 : n 2 )-x 10 . The gap at the 2:1 resonance and the elliptic resonant periodic orbits are clearly seen. In Figure  7b the 3:2 resonant elliptic family is also shown.
− The resonances of the form n 1 : n 2 = (2n+1) : (2n−1), n = 1, 2, ....
These are the resonances 3:1, 5:3,... As we mentioned in section 4.3, instability is generated in a small region close to the above resonances. As shown schematically in Figure 6 , only one pair of eigenvalues may go outside the unit circle , generating simple instability, or both pairs may go outside the unit circle, generating double instability. Whether we have the first or the second case, it depends on the magnitude of the perturbation, i.e. on the total mass of the planets. This is shown in Figure 8 , where we plot the stability index along the family of circular orbits, close to the 3:1 resonance, for two different planetary masses. The stability index corresponds to a complex conjugate pair of eigenvalues and it is defined as
This means that we have stability if
In Figure 8a we use the (normalized) masses of the system 47UMa, first case only one stability index becomes unstable for a small region close to the 3:1 resonance, but as the perturbation (the masses) increases, both stability indices become unstable. At the points where the stability changes, the stability index is equal to +2, which means that the eigenvalues are equal to e ±iπ = −1. If now this orbit is described twice, the eigenvalue becomes equal to (e ±iπ ) 2 = +1, and consequently the orbit is critical and a bifurcation of a family of elliptic periodic orbits is possible. The period of the elliptic orbits is equal to twice the period of the circular orbit from which it bifurcates.
In the former case we have two critical points, and consequently two elliptic 3:1 resonant periodic orbits. In the latter case there are four critical points and consequently four families of resonant 3:1 elliptic periodic orbits. All these families are symmetric with respect to the rotating x-axis and differ in the initial phase only, i.e. on whether the lines of apsides are aligned or antialigned and on the position of the two planets at perihelion or at aphelion at t = 0. Along these families the planetary eccentricities vary, starting with zero values.
− All other resonances n 1 : n 2 = (n + 1) : n, (2n + 1) : (2n − 1), n = 1, 2, . . ..
These are resonances of the form 5:2, 7:3, 5:1, 8:3, ... As we mentioned in section 4.3, the stability is preserved when we go from the perturbed to the unperturbed problem, which means that the eigenvalues λ 1 = λ 3 and λ 2 = λ 4 split, but stay on the unit circle. Let us assume now that we approach a p/q resonance (n 1 /n 2 = p/q, p/q = (n+1)/n, (2n+1)/(2n−1)) on the perturbed family. The eigenvalues λ 1 , λ 3 move on the unit circle and cross the point e i2π−p , one after the other. So, there are two orbits on the perturbed family of periodic orbits, close to each other, and close to the p : q resonance, which have a pair of eigenvalues λ 1 , λ 3 (or λ 2 , λ 4 ) equal exactly to e ±i2π−p .
This is not a critical orbit (it does not have a unit pair of eigenvalues). However, it can become critical if this orbit is described |q − p| times, because its eigenvalues are equal to
At this point we have a bifurcation of a p : q family of resonant elliptic periodic orbits, along which the planetary eccentricities vary, starting from zero values. The period along this resonant family is |p − q| times the period of the corresponding circular resonant periodic orbit. Since there are two such points, there are two p : q resonant families of elliptic periodic orbits that bifurcate from the circular family at the region close to the p : q resonance.
As an example, we consider the region close to the 5:2 resonance on the family of circular periodic orbits. There exist two distinct periodic orbits, close to each other, with eigenvalues λ 1,2 = e ±2iπ/3 and λ 3,4 = e ±2iπ/3 , respectively (stability indices b 1 = +1, b 2 = +1, respectively). From each one there is a bifurcation of a 5:2 resonant elliptic symmetric family of periodic orbits, with period three times the period of the circular orbit from which they bifurcate. This is shown in Figure 9 , for the masses of 47UMa, used also in the 3:1 resonance above. These orbits differ in the phase only and the planetary eccentricities vary, starting with zero values.
Bifurcation from the elliptic families
As we mentioned before, there is a bifurcation of a family of periodic orbits from each orbit of a family which is critical, i.e. it has a pair of eigenvalues equal to +1. This is the case where we have a change of stability to instability, or vice versa, as we have already seen in the 3:1 resonance case on the family of circular orbits. Let us consider now a family of elliptic periodic orbits that bifurcates from the circular family. It may happen that the stability along the family changes. At this point there is a bifurcation of a new family of elliptic periodic orbits. The numerical computations have shown that all such elliptic families are asymmetric. We remark that in the unperturbed case the planetary orbits of an elliptic family are uncoupled elliptic Keplerian orbits in resonance, which implies that there are two pairs of eigenvalues equal to +1 (in addition to the third unit pair which always exists, due to the existence of the energy integral). When the perturbation is applied one, or both, of these unit pairs may go outside the unit circle in the complex plane, on the real axis, and thus generate instability. This depends mainly on the ratio m 1 /m 2 of the planetary masses, as we shall show by some examples that follow. An example of bifurcation of an asymmetric family of elliptic periodic orbits, for the masses of the Io-Europa satellites of Jupiter at the 2:1 resonance, is given in Figure 10a . The normalized masses are m 0 = 0.999928, m 1 = 0.000047, m 2 = 0.000025. Note that m 1 > m 2 . On the symmetric family there is an unstable region and from both ends of it, at the critical points, there is a bifurcation of an elliptic 2:1 resonant asymmetric family of periodic orbits. It turns out that these two families coincide, as shown in the Figure 10a . In Figure 10b we present a representative asymmetric orbit, corresponding to the one indicated in Figure 10a . We remark that the unstable region on the symmetric elliptic family appears because it is m 1 > m 2 . If it were m 1 < m 2 , the whole symmetric family is stable and consequently there are no critical points from which to bifurcate a new family of elliptic periodic orbits. The critical mass ratio, beyond which an unstable region appears is m 1 /m 2 = 0.97 ).
Finally we remark, that apart from all the above mentioned, symmetric or asymmetric families of resonant elliptic periodic orbits, there exist also such families that do not bifurcate from the above mentioned families. Some of them are the continuation from the elliptic restricted problem to the general problem, if we give mass to the massless body.
Sun -per -per
Sun -ap -per Figure 11 . The three families of symmetric periodic orbits at the 2:1 resonance in the eccentricity space, for the masses of HD 82943 given by Israelian et al. (2001) . A positive eccentricity denotes position at aphelion and a negative eccentricity position at perihelion. The positions of HD 82943, for the four different initial configurations are also shown. 
Factors that affect the stability of a planetary system
Families of periodic orbits for the masses of some observed extrasolar planetary systems were studied in several papers : Hadjidemetriou, 2002, Hadjidemetriou and Psychoyos (2003) , Psychoyos and Hadjidemetriou (2005) , Hadjidemetriou (2005, 2006) , studying symmetric and asymmetric periodic orbits for the systems Gliese 876, HD 82943, at the 2:1 resonance, 55CnC at the 3:1 resonance, 47UMa at the 5:2 resonance and also for the Io-Europa satellites of Jupiter at the 2:1 resonance. Stationary solutions close to mean motion resonance, which in fact correspond to periodic orbits, have been studied by Beauge et al. (2003) and Beauge et al. (2006) . It is not the object of the present paper to review these results, but to use some of them as examples to make clear the factors that affect the stability of a planetary system and to show the stability regions close to a linearly stable periodic orbit, by making use of the Poincaré map on a surface of section. In particular, we will start with the families of periodic orbits corresponding to the masses of the system HD 82943. Although the elements of this system have been revised several times, the fit given by Israelian et al. 2001 , that we shall use here, is enough for our purpose. The elements of this fit are: m 0 = 1.05 M SU N , m 1 sin i =0.88 MJ, m 2 sin i = 1.63 MJ, a 1 = 0.73 AU, a 2 = 1.16 AU, e 1 = 0.54 ± 0.05, e 2 = 0.41 ± 0.08. In Figure 11 we present three families of symmetric periodic orbits, for the normalized masses corresponding to the above system, in the space e 1 e 2 , using as a convention e i > 0 to denote position at aphelion and e i < 0 position at perihelion. There is a stable family, family 1 where the line of apsides are aligned and the two planets are both at perihelion, at t = 0, and another family, family 2, which starts as stable and becomes unstable at a region where close encounters between the two planets take place. We remark that the whole family 1 is stable because m 1 < m 2 . After this collision region, at relatively large eccentricities, the family is again stable. Along this family, the lines of apsides are antialigned and at t = 0 P 1 is at aphelion and P 2 at perihelion. These two families bifurcate from the circular family at the region where the 2:1 resonant gap appears. A third family, family 3, independent from these two also exists, and is unstable. In this diagram we also show the position of the system HD 82943, with its elements as given above, for all four initial different configurations and we shall comment on their stability in the next sections.
The behavior of the system when a periodic orbit is perturbed, is studied by the Poincaré map on a surface of section. As we shall see in the following, stable librations exist close to a stable periodic orbit and chaotic motion appears for larger deviations from the exact periodic motion of a stable orbit or for perturbations close to an unstable periodic orbit. The Poincaré map is defined on the surface of section (Figure 12 )
and is in the four dimensional space x 1 ,ẋ 1 , x 2 ,ẋ 2 . In some examples that we shall show bellow, we give the projections in some coordinate plane of the phase space of the Poincaré map. 
5.1.
Deviation from the symmetry of a stable periodic orbit: region of stability
In Figure 12 we consider a typical orbit on the family 1, orbit 1, and study its stability, by shifting the position of P 2 on its orbit at t = 0, thus destroying the symmetry. This orbit corresponds to the configuration where the line of apsides are aligned and both planets are at perihelion, at t = 0. We note that for a range of deviations from the pexact periodic motion, the perturbed motion takes place on a well defined torus. Although the phase space of the Poincaré map is four dimensional and consequently the deviations from the periodic motion that we consider do not cover all possible directions, it is clear that close to a stable periodic orbit there exists a region of stable librations, with small amplitude, close to the 2:1 resonance. The same is repeated for a typical orbit on the family 2, orbit 4, lying on the stable part beyond the collision area. The planetary orbits are antialigned and P 1 lies at aphelion while P 2 at perihelion, at t = 0. We note that although the eccentricities are large and the planetary orbits intersect, there exists a region of stable librations. 
Comparison between a linearly stable and an unstable orbit
We shall study here the importance of the linear stability or instability of a periodic orbit, with respect to the properties of the phase space close to such an orbit. As examples we shall use two periodic orbits on the family 2, with small eccentricities, one stable and the other unstable. As in the previous case, we perturb the system by destroying the stability by shifting the planet P 2 on its orbit. Close to the stable orbit ( Figure 15 ) we have stable librations, and the motion takes place on a well defined torus. On the contrary, close to the unstable periodic orbit (Figure 16 ), the motion is finally chaotic. It is worth noting that for a relatively long tome interval to motion looks as a stable libration, on a torus, but later it becomes chaotic.
Dependence of the stability on the phase
We consider here the motion corresponding to the four different configurations of the extrasolar system HD 82943 (old fit mentioned above), The four different families, f1, f2, f3, f4 of 3:1 resonant periodic orbits. Only one of them, f4, denoted by the thicker line, is stable up to a point. A new, stable asymmetric family, f1-asym, bifurcates from this critical point. The planetary system, under migration, moves on the stable part of f4 and then changes route and follows the family f1-asym.
for the four different phases shown in Figure 11 . The behavior is shown in Figure 17 . Note that the configurations: (alignment, P 1 , P 2 at perihelion) and (antialignment, P 1 at aphelion, P 2 at perihelion) are stable, while the other two configurations, (alignment, P 1 , P 2 at aphelion) and (antialignment, P 1 at perihelion, P 2 at aphelion) are unstable. Note that the stable configurations are close to a stable family of periodic orbits.
Discussion
From all the previous examples it is clear that the position and the stability character of the periodic orbits plays an essential role in defining the structure of the phase space. A real extrasolar planetary system can exist in nature, if it lies in that region of the phase space which is close to a stable branch of a family of periodic orbits. We remark that all families of periodic orbits with non zero eccentricities are resonant, corresponding to a mean motion resonance between the planets. This means that resonances play an important role on the stability of a planetary system with large eccentricities, when the two planets are close to each other, so that their gravitational interaction is important. A phase protection mechanism appears in resonant cases, for some phases (alignment or antialignment, position of the planets at perihelion or aphelion), in such a way that we can have stable planetary systems even with large eccentricities and intersecting planetary orbits. Thus, all other things being the same (masses, eccentricities, semimajor axes), the phase plays an important role on the stability of a resonant orbit. In addition, comparing Figures 14 and 16 , that correspond to two orbits with the same phase, one stable and one unstable, respectively, we have an indication that the increase of the planetary eccentricities may stabilize the system, because it makes the planets to avoid close encounters. The resonances are not the only cases where stable motion exists. All non resonant periodic orbits on the circular family of periodic orbits are stable (with the exception of a small region close to the 3/1, 5/3,... resonances) and consequently stable librations are expected in their vicinity. In this case however, the planetary eccentricities are small.
Another factor that affects the topology of the phase space, and consequently the stability regions for a planetary system, is the ratio m 1 /m 2 of the planetary masses and also the sum m 1 + m 2 of the planetary masses, because it affects the appearance or not of families of periodic orbits and also the stability regions on a family of periodic orbits. As an example, consider the family 1 at the 2:1 resonance (Figure 11) . For m 1 < m 2 , the whole family is stable, but when the ratio of the planetary masses changes, m 1 > m 2 , an unstable region appears ( Figure 10 ) and we have a bifurcation of a new family of asymmetric periodic orbits (the critical mass ratio beyond which an unstable region appears on the family is m 1 /m 2 = 0.97). This changes the topology and the stability properties of the phase space.
The total mass of the planetary masses, which is a measure of the perturbation, plays also an important role in some resonances, and in particular, in the resonances 3:1, 5:3, ... As we showed in section 4.4, we have a bifurcation of two families of elliptic orbits if the sum m 1 +m 2 is small, but we have four elliptic families if this sum is larger. This means that the topology of the phase space, and consequently the dynamical properties of the system depend critically on the sum m 1 + m 2 of the masses close to the 3:1 resonance.
As an example to show how the knowledge of the resonant structure of the phase space may help us to locate the positions of stable planetary systems, we present in Figure 18a the families of periodic orbits for the masses of the system Gliese 876. The stable family 1 exists, as in the case of HD 82943 (Figure 11 ), and we see that the elements of the observed system (from the web page of Schneider, 2006) , a 1 = 0.13AU, a 2 = 0.21AU, e 1 = 0.27, e 2 = 0.025 lie almost exactly on the stable family 1, as it is shown in Figure 18a .
Finally, we remark that the knowledge of the resonant structure of the phase space is useful in interpreting the results on the evolution of a planetary system under migration, when dissipative forces act. From the work on migration by Ferraz-Mello et al. (2003) , Peale and Lee (2002) , Lee and Peale (2003) , Lee (2004) , we see that when a planetary system starts from an arbitrary position, it is trapped on a stable family of periodic orbits, and as the migration continues, it moves on the stable family. It is worth noting that if, as the system evolves on a stable family, there is a change from stability to instability, from which another stable family bifurcates, the system changes route and follows the new, stable, family. This is shown in Figure 18b , for a system close to the 3:1 resonance, studied by Ferraz-Mello et al. (2003) . There are four different families of resonant symmetric periodic orbits, f1, f2, f3, f4 (Voyatzis and Hadjidemetriou, 2006) , and only one family, f4, is stable at its lower part. The system is trapped on this stable branch and moves up to the point where the family becomes unstable. From that point on, we have a bifurcation of a stable asymmetric 3:1 resonant family of periodic orbits, family f1-asym, and the system continues to migrate on this latter stable family.
From all the above it is clear that the knowledge of the resonant structure of the phase space, as determined by the network of families of periodic orbits, is very useful in understanding the dynamics of a planetary system and interpreting the results obtained by different methods.
